Abstract. We study basic Dolbeault cohomology and find new Weitzenböck formulas on a transversely Kähler foliation. We investigate conditions on mean curvature and Ricci curvature that impose restrictions on basic Dolbeault cohomology. For example, we prove that on a transversely Kähler foliation with positive transversal Ricci curvature, there are no nonzero basic-harmonic forms of type (r, 0), among other results.
Introduction
Let F be a foliation of a closed, smooth manifold M. One set of smooth invariants of F is the basic cohomology. The basic forms of (M, F ) are locally forms on the leaf space; that is, forms φ satisfying X φ = X dφ = 0 for any vector X tangent to the leaves, where X denotes the interior product with X. Basic forms are preserved by the exterior derivative and are used to define basic de Rham cohomology groups H * B . In general these groups can be infinite-dimensional. A Riemannian foliation is a foliation on a smooth manifold such that the normal bundle Q = T M/T F may be endowed with a metric whose Lie derivative is zero along leaf directions. We can always extend this metric to a metric g M on M that is called bundle-like, meaning that the leaves of F are locally equidistant. From this additional structure on the foliation, the basic Laplacian ∆ B is a version of the Laplace operator that preserves the basic forms. Many researchers have studied basic forms and the basic Laplacian on Riemannian foliations. It is well-known ( [2] , [11] , [24] , [31] ) that on a closed oriented manifold M with a transversally oriented Riemannian foliation F , H r B ∼ = H r B , where H r B = ker∆ B is finite dimensional. Because of this Hodge theorem, researchers have been able to show relationships between curvature bounds and basic cohomology. In [15] J. Hebda proved that a lower bound on transversal Ricci curvature for a Riemannian foliation of a compact manifold causes the space of leaves to be compact and the first basic cohomology group to be trivial. Another example relating the geometry and the topology came in 1991, when M. Min-Oo et al. [26] proved that if the transversal curvature operator of (M, F ) is positive-definite, then the cohomology H r B = {0} (0 < r < q); that is, any basic-harmonic r-form is trivial. There are many other examples of known relationships between transversal curvature and basic cohomology.
We are interested in foliations that admit a transverse Kähler structure. These structures appear naturally in many situations. For example, Vaisman manifolds, Calabi-Eckmann manfolds and Sasaki manifolds are not Kähler but carry a transverse Kähler structure. In particular, the characteristic foliation on a Sasaki manifold is transversely Kähler [5, Section 2] and is automatically homologically orientable [4, Proposition 7.2.3] , causing many facts about Kähler manifolds to carry over. Being homologically orientable implies that the foliation is taut; there exists a metric such that the leaves of the foliation are minimal submanifolds. See [35] for a treatment. For instance, in [6] , the authors were able to prove a hard Lefschetz theorem for compact Sasaki manifolds. In [8] , the authors proved a similar result for cosymplectic manifolds. A major step in understanding the homologically orientable (taut) case was by A. El Kacimi-Alaoui in [10, Section 3.4] , where the standard facts about Kähler manifolds and their cohomology are shown to carry over to the transverse structures and basic cohomology. Also, L. A. Cordero and R. A. Wolak [9] studied the properties of the basic cohomology on a taut transversely Kähler foliation by using the differential operator ∆ T , which is different from ∆ B . In fact, F is minimal (taut) if and only if ∆ T = ∆ B . Many known facts about Kähler forms ω carry over to the transversal geometry setting, but not all; for example, if the foliation is not taut, the powers ω k need not generate nonzero basic cohomology classes. In the general case, in [19] S. D. Jung and J. S. Pak proved a Weitzenböck formula for the Dolbeault Laplacian and deduced among other results that when the mean curvature of the foliation is basic-harmonic, nonnegativity of the transverse Ricci curvature (and positivity at one point) implies that the first basic cohomology group is trivial. In [20] , they showed that under some positivity assumptions on transverse curvature on a complete transversely Kähler foliation, the second basic cohomology group is generated by the Kähler form. In [18] , S. D. Jung and H. Liu proved that if the transversal Ricci curvature of a compact transversely Kähler foliation is nonpositive and negative at one point, then there are no nonzero basic transverse holomorphic vector fields. G. Habib and L. Vezzoni showed a similar result by different methods in [14, Theorem 3.3] . They used a twisted version of the basic Dolbeault Laplacian and calculated the corresponding Weitzenböck formula. In another recent paper [25] , Y. Kordyukov, M. Lejmi, and P. Weber showed that for a manifold with bundle-like, transversely Kähler metric for a taut foliation, under some conditions on the basic cohomology of one-forms, the basic version of the Seiberg-Witten invariants must be nontrivial.
In this paper, we study basic Dolbeault cohomology and give a new Weitzenböck formula for the basic Dolbeault Laplacian in foliations with a transverse Kähler structure, and in particular we are interested in general results that apply whether or not the foliation is taut. This paper is organized as follows: In Section 2, we recall the basic properties of Riemannian foliations, basic cohomology, and the basic Laplacian. In particular, we review the de Rham decomposition, Poincaré duality, the generalized Weitzenböck formula and some vanishing theorems. In Section 3, we review the many differential operators on transversely Kähler foliations and recall some known results, providing short proofs in some cases for the reader's benefit. If F is a minimal transversely Kähler foliation, then a basic holomorphic form of type (r, 0) is basic-harmonic (Corollary 3.20). We prove a generalized Dolbeault decomposition (Theorem 3.21). Also, on a transversely Kähler foliation, the Serre duality theorem does not necessarily hold unless F is minimal, but we exhibit a version of Kodaira-Serre duality that actually does hold in all cases (Theorem 3.22, Corollary 3.23, and Example 3.26). In Section 4, we establish some new Weitzenböck formulas (Proposition 4.2) for the basic Dolbeault Laplacians and prove some vanishing results (Theorem 4.9 and Corollary 4.10).
Preliminaries
Let (M, g Q , F ) be a (p + q)-dimensional Riemannian foliation of codimension q. Here, g Q is a holonomy invariant metric on the normal bundle Q = T M/T F , meaning that L X g Q = 0 for all X ∈ T F , where L X denotes the Lie derivative with respect to X. Next, let g M be a bundle-like metric on M adapted to g Q . This means that if T F ⊥ is the g M -orthogonal complement to T F in T M and σ : Q → T F ⊥ is the canonical bundle isomorphism, then
where Y s ∈ Γ(T F ⊥ ) corresponding to s under the canonical isomorphism σ. Let R ∇ and Ric Q be the curvature tensor and the transversal Ricci operator of F , respectively. The mean curvature form κ of F is given by
where {E i } i=1,··· ,p is a local orthonormal basis of T F . Let Ω r B (F ) be the space of all basic r-forms, i.e., φ ∈ Ω r B (F ) if and only if X φ = 0 and L X φ = 0 for any X ∈ T F , where X denotes the interior product. F is said to be minimal if κ = 0. It is well-known( [2] ) that on a compact manifold, κ B is closed, i.e., dκ B = 0, where κ B is the basic component of κ under the
, [31] ). We note that the proofs of these facts in [31] are still valid on a manifold that is not necessarily compact if the leaf closures of the Riemannian foliation are compact. Now we recall the transversal star operator * :
3)
p is the characteristic form of F and * is the Hodge star operator associated to g M . Clearly, * 2 φ = (−1) r(q−r) φ for any φ ∈ Ω r B F ). Let ν be the transversal volume form; that is, * ν = χ F . Then the pointwise inner product
where µ M = ν ∧ χ F is the volume form with respect to g M . Let
where ǫ(φ)ψ = φ ∧ ψ for any φ ∈ Ω 1 B (F ). The operator ǫ acts pointwise and of course is define on 
respectively, applied to basic r-forms φ.
Proof. The proofs needed from [31] carry over to this slightly more general case. ✷ Now we define two Laplacians ∆ B and ∆ T acting on Ω * 
with finite dimensional H 
where
12) Proof. Now, we modify the original bundle-like metric g M without changing the transversal metric g Q such that δ B κ B = 0. The existence of such metric is assured, from [26] , [27] . With this new metric, the hypothesis on F still holds, since this operator only depends on g Q . Let φ be a basic-harmonic r-form. From (2.10), we have
Hence from (2.16), the proof is complete. ✷ Let R ∇ : Λ 2 Q * → Λ 2 Q * be the transversal curvature operator, which is defined by
where ω i ∈ Q * (i = 1, · · · , 4). Then we recall a generalization of the Gallot-Meyer theorem for foliations.
From Theorem 2.6, if the transversal curvature operator R ∇ is positive-definite, then F is also positive-definite. But the converse is not true. Hence we obtain the well-known vanishing theorem of basic-harmonic forms. 
is the transversal divergence of X with respect to ∇.
The basic Dolbeault cohomology on transversely Kähler foliations
In this section, we generally use the same notation and cite elementary results from [17, Section 3] and [30] . Let (M, g M , F , J) be a Riemannian manifold with a transversely Kähler foliation F of codimension q = 2n. That is, g M is a bundle-like metric, and J is a holonomyinvariant almost complex structure on Q such that ∇g Q = 0 and ∇J = 0, with ∇ being the transversal Levi-Civita connection on Q, extended in the usual way to tensors [30] . In some of what follows, we will merely need the fact that the foliation is transversally Hermitian (all of the above, merely requiring J is integrable and not that ∇J = 0), and other times we will need the full power of the Kähler condition ∇J = 0.
Note that for any X, Y ∈ T M,
defines a basic Kähler 2-form ω, which is necessarily closed. Locally, the basic Kähler 2-form ω may be expressed by
where {θ α } α=1,··· ,2n is a local orthonormal frame of Q * . Here, we extend J to elements of Q * by setting (Jθ)(X) = −θ(JX) (3.3) for any X ∈ Q x , θ ∈ Q * x . Note that if J * denotes the dual transformation on Q * , the J above satisfies J * = −J. We prefer this convention so that J commutes with the musical isomorphisms, so for example (Jv)
for all v ∈ Q. When it is convenient, we will also refer to the bundle map
) and abuse notation by denoting J = J ′ . Similarly, we sometimes will act on all of T * M using the symbol J. We note that all of the above is true for transversally Hermitian foliations, but the form ω is not closed unless the foliation is Kähler.
Example 3.1. Note that in contrast to the situation of a Kähler form on an ordinary manifold, it is possible that ω is a trivial class in basic cohomology. We consider the Carrière example from [7] . Let A be a matrix in SL 2 (Z) of trace strictly greater than 2. We denote respectively by V 1 and V 2 unit eigenvectors associated with the eigenvalues λ and
A be the quotient of T 2 × R by the equivalence relation which identifies (m, t) to (A(m), t + 1). The flow generated by the vector field V 2 is a Riemannian foliation with bundle-like metric (letting (x, s, t) denote local coordinates in the V 2 direction, V 1 direction, and R direction, respectively)
Note that the mean curvature of the flow is κ = κ b = log (λ) dt, since χ F = λ −t dx is the characteristic form and
Then an orthonormal frame field for this manifold is
{X = λ t ∂ x , Y 1 = λ −t ∂ s , Y 2 = ∂ t } corresponding to the orthonormal coframe {X * = χ F = λ −t dx, Y * 1 = λ t ds, Y * 2 = dt}. Then, letting J be defined by J(Y 1 ) = Y 2 , J(Y 2 ) = −Y 1 ,
the Nijenhuis tensor
clearly vanishes, so that J is integrable.
The corresponding transverse Kähler form is seen to be
, an exact form in basic cohomology.
Let Q C = Q ⊗ C be the complexified normal bundle and let
The element of Q 1,0 (resp. Q 0,1 ) is called a complex normal vector field of type (1, 0) (resp. (0,1)). Then Q C = Q 1,0 ⊕ Q 0,1 and
Now, let Q * C be the real dual bundle of Q C , defined at each x ∈ M to be the C-linear maps from
C Q * are said to be forms of type (r, s). Let Ω r,s B (F ) be the set of the basic forms of type (r, s). Let {E a , JE a } a=1,··· ,n be a local orthonormal basic frame(called a J-basic frame) of Q and {θ a , Jθ a } a=1,··· ,n be their dual basic forms on
A frame field {V a } is a local orthonormal basic frame field on Q 1,0 , which is called a normal frame field of type (1, 0), and {ω a } is a dual coframe field on Q 1,0 . In what follows, we extend the connection ∇ on Q in the natural way so that ∇ X Y is defined for any X ∈ Γ(T M ⊗ C) and any Y ∈ Γ(Q C ). We further extend it to differential forms, requiring that ∇ is a Hermitian connection, i.e., for any V ∈ Q C and any φ, ψ ∈ Ω r,s
It is an easy exercise to show that for any complex vector field X, ∇ X preserves the (r, s) type of the form or vector field.
Definition 3.2. Let (M, g Q , F , J) be a transversely holomorphic foliation. Then a complex normal vector field Z of type (1,0) is said to be transversally holomorphic if
Let V (F ) be the set of infinitesimal automorphisms X, i.e., [X, Y ] ∈ T F for any Y ∈ T F . The Lie derivative L X can be applied to tensors with inputs in Q or Q * , because all such tensors can be extended by 0 to tensors with inputs in T M and T * M. We will now consider what is true when the Kähler condition ∇J = 0 holds. (
Now we recall the following proposition. 
respectively.
We now write
Now we utilize the bundle-like metric g M to define the operators ∂ T : Ω r,s
Then by (2.5) we have
From Proposition 2.1, the adjoint operators δ B and δ T of d B and d T are given by
B be the formal adjoint operators of ∂ T ,∂ T , ∂ B and∂ B , respectively, on the space of basic forms. Then 15) and from (3.14),
These formulas were first used in the case of minimalizable (homologically oriented) transverse Kähler foliations in [10, Section 3.4] . In what follows, we let
We will extend the definitions of exterior product ǫ and interior product linearly to complex vectors. Observe that V is by definition the adjoint of ǫ(V ♭ ) on real vector fields, but on complex vector fields an adjustment must be made. If v, w are real tangent vectors, the interior product satisfies
So if we denote X ♭ = v ♭ + iw ♭ for any X = v + iw, then for complex vectors X,
Then for complex vectors X it follows that * ǫ(X ♭ ) * = X , * (X ) * = −ǫ(X ♭ ) (3.20)
Then we have the following. 
Proof. Observe that we just apply the operators δ * B and δ * T to forms of type (r, s) and take the (r − 1, s) and (r, s − 1) components of the result, using the standard formulas for the divergence and Proposition 2.1. ✷
We note that similar calculations were done for the twisted Dolbeault operator in [14, Section 3] .
We now assume that our foliation is transversally Kähler.
respectively, where (ξ 1 ∧ ξ 2 ) = ξ j * L * on basic j-forms. For any real vector X ∈ Q, we have [17] that
A simple calculation shows that the formulas above extend to complex vectors X as well. Now, we extend the complex structure J to Ω 
Then we have the following corollary. 
. From the equations above, Proposition 3.6 and Corollary 3.8, we have 
If φ is of type (r, n), then
If φ is of type (0, s), then
If φ is of type (n, s), then
Proof. Let φ be a type (r, 0 
The second equation holds more generally for all transversely Hermitian foliations.
Proof. Equation (3.43) follows from (3.30), using Proof. Let Z ∈ Q 1,0 be a transversally holomorphic vector field, that is, 
Hence ∇V a Z ω b = 0 for any a and b, which means ∇V a Z = 0 for any a. That is, Z is transversally holomorphic. ✷ [10, Section 3.4.7] ).
It is impossible to change the metric so that this is zero. The reason is that from
B ) ′ = κ 1,0 B + ∂ B f , and ∂ B f = Z(f )Z * . Since f is a periodic function of t alone, this is ∂ B f = − i 2 (∂ t f ) Z * . Then in that casē ∂ B (κ 1,0 B ) ′ = d(κ 1,0 B − i 2 (∂ t f ) Z * ) = d − i 2 log λ + 1 2 ∂ t f λ t ds + idt = i 2 (log λ) 2 + i 4 (∂ 2 t f + (log λ)∂ t f ) λ t ds ∧ dt = (log λ) 2 + 1 2 (∂ 2 t f + (log λ)∂ t f ) Z * ∧ Z * Since
The Weitzenböck formula
Let (M, g Q , F , J) be a transversely Kähler foliation with compact leaf closures on a Riemannian manifold with bundle-like metric g M . We define two operators
Then by direct calculation, we have
for any basic form φ. And we have the following proposition. 
If we take complex vector fields
for any vector field X ∈ ΓQ, then by the transversal divergence theorem (Theorem 2.8),
From the equations above, 
Proof. Fix x ∈ M. Observe that since (M, F ) is transversely Kähler, a local J-basic frame {E a , JE a } a=1,...,n can be chosen to consist of basic fields, so that the corresponding V a and ω a are also basic fields of type (1, 0) . Furthermore, at x ∈ M, we may make the choices so that (∇V a ) x = 0. Then at x, by (3.10) and Proposition 3.6 we have for all φ ∈ Ω r,s B (F ),
Similarly, we havē
By summing the two equation above, we have (4.6). The proof of (4.7) is similarly proved. (2) The proof of (4.9) follows from the conjugation of (4.8).
(3) Now, let φ be of type (r, n). 
where |φ| 2 = φ, φ .
Proof. Let φ ∈ Ω r,s B (F ). Since the connection ∇ is Hermitian, from (4.8)
From Corollary 3.13 (3.43) and (3.44), we have Hence from these two equations, we have
Hence the proof is complete. ✷ That is, a R Q (V a , V a ) is Hermitian symmetric, and so it is diagonalized by {ω a }. Let λ a be a real eigenvalue of a R Q (V a , V a ) corresponding to ω a , i.e., ( a R Q (V a , V a ))ω b = λ b ω b . Then by using the first Bianchi identity, we have
From Remark 4.7, we have the following corollary. In the last inequality, we used Hence by the maximum principle, φ is parallel. Since Ric Q > 0 at some point, φ is zero. ✷ 
